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We provide detailed proofs of material that is not included in the main text of our paper

“Data-enabled learning, network effects and competitive advantage”.

A Viability of the losing firm

In the framework presented in the main paper, the losing firm remains active despite obtaining
no revenue. This reflects our assumption that any fixed costs are sunk and there are no ongoing
operational costs. In the case of pure within-user learning (Section 4), this was not an issue, as
each firm could each sell to different consumers (or consumer segments) and so could play the role
of an incumbent for some consumers and an entrant for others. With pure across-user learning
(Section 3), this assumption was made in order to keep the analysis streamlined.

In this section, we show our results continue to hold when we extend our model in two different
ways that allow the losing firm to make positive expected revenues in every period, so that it
remains active even when facing some (sufficiently small) operating costs. In both cases we obtain
conditions for either firm to win that are very similar to what we have obtained in the main text,
and are identical in the limit, thus showing that our baseline results are not knife-edge in nature.
Finally, we consider what happens in our baseline model when we assume the losing firm exits
because of some small fixed cost, showing that the cutoff for E to win still remains identical in this

case.

A.1 Publicly available discovery

Suppose that in every period there is a fixed probability A > 0 of a publicly available tech-
nological breakthrough that makes any previous advantage from data-enabled learning irrelevant,
and that results in the two firms having expected PDV of profits equal to Vi > 0 and Vg > 0 from
the perspective of the period in which the discovery is made. For instance, this would follow if
there was an exogenous distribution of possible standalone values s’ and s, for the two firms after
the discovery, with positive probabilities for either firm to have the higher standalone value. Note,
however, that s} and s’ need not be constant over time, i.e. we can allow for new learning to occur
after the discovery. The only requirements we impose on ‘71 and XN/E is that they are both positive
(e.g. due to sufficient uncertainty as to which firm will end up offering higher value) and do not
depend on each firm’s cumulated learning prior to discovery.

With probability 1 — A, the game proceeds as before. The method of proof follows exactly the
same two-dimensional backwards induction as the proof of Proposition 1. However, the end point

is now different. Once both firms are in state (N;, Ng) = (N7, Ng) (assuming the technological



breakthrough has not yet happened), there is no further learning, and the value function of firm

i’s profit in this case is given by

Vi(NLNE) = max {si — 55+ fi(N;) — f] O} +6 </\V +(1-=2X) max{si — 55+ fi(N.

+02 (1= \) (MZ-Jr(l—)\)maX{si—s]Jrfz( i })
+0% (1 = \)? ()\‘Z + (1= X max {s; — s; + f;(N;) — fj(Wj),O}) +
_ max {s; — s + fi(N;) — f;(N;),0} SNV
N 1—6(1—N) 1—6(1—N)

As we go back each step in the induction process, we now have to take into account the probability
that the discovery is realized and the two firms obtain 171 and XN/E, as above. In this way, it is
straightforward to show that the modified condition for E to win (prior to the discovery) is that

Sg — Sy must exceed
A (Ny, Ng) = (1 - 25] (L= (f1 (N1 +3) = f& (NE + 7))

and that the two firms’ value functions are

NV 4 _S=sp_ 4 A(N{,Ng)—8(1-=X\)A(N;,Ng+1) i sp—s < A (N7, Ng +1)

1-0(1-2) ' 1-6(1-X) (1=5(1=)))2 .
VI (NI NE) — 5/\\71 + S[—SE-‘,-K(NI,NE) lf A (NI7N§ + 1) S SE - SI
’ 1-5(1-X) (1=5(1=\))? < A (N7, Ng)
1_%)(\}/1)\) lf SE—S[ZA(N],NE)
1_6&\{%)\) if iE —sr < 5 (N[, NE)
% _si—A A(Ni,Ng)<sg—s
E . IANVg sp—s1—A(N1,NE) if I,AYE) =~ °F I
V" N Ne) = I (Y Y <A(N+1,Np)
SAV, - A(N;,Ng)—5(1-2\)A(N;+1,Ng) - X
1—5(1EA) + 15?(1ij)\) - L E(1_5(1_>\))2 L E if SE — ST Z A (N[ + 1, NE)
Thus, the cutoff is the same as before, once § is replaced by d (1 — \), whereas each firm i’s value
functions is simply modified by replacing ¢ with § (1 — A) and adding the constant term %,

fori=1,FE.

Clearly then, Propositions 2, 7, 8 and 9 all go through unchanged with this setup when applied
to the pre-discovery game.

To see that Proposition 3 (social efficiency of the outcome) also continues to hold, note that
the outcome in the event of discovery is assumed to be the same regardless of the path to that
moment, so it does not matter for efficiency. Which means the socially efficient condition for E to

win in periods before the discovery happens is also independent of what happens after discovery.
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And it is then easily seen that the socially efficient condition for E to win prior to discovery is

o o
Z I (s + fe (Ng +j)) Z T (si+ fr (N +1)),
Jj=0 j=0

which is exactly equivalent to sg — sy > A (N7, Ng). So the outcome remains socially efficient.
By the same logic, the expressions of consumer surplus in (5) and (6) are modified simply by

replacing 6 with § (1 — A) and adding a term equal to the expected consumer surplus after discovery,

which does not depend on (N7, Ng). This implies Proposition 5 also goes through unchanged. And

so does Proposition 6.

A.2 Multiple customer segments or multiple products

In practice, each firm may not only use the learnings it obtains from data to improve the core
product that we have focused on, but also versions of the same product sold to other consumer
segments or other products sold in different consumer markets. In these situations, even the losing
firm may continue to make money (and so cover its fixed costs) from serving these other consumer
segments or markets.

To model this, suppose each firm i € {I, E} gets an additional profit of «;g; (f; (N;)) every
period from other consumer segments or markets it may serve, when it has sold its core product to
N; previous consumers. The parameter «; > 0 measures how important those adjacent segments or
markets are compared to the firm’s core market, and g; is some increasing function with g; (0) > 0.
To keep things as simple as possible, we assume the firms do not learn anything from selling to the
adjacent consumer segments or markets. This setting can also capture other ways in which firms
can monetize their accumulated data, such as selling a copy of the data or their learnings from it,
or selling access to past customers’ data (e.g. for targeted advertising).!

The results for this extension are summarized in the following proposition, the proof of which

is quite similar to our existing analysis, and is available from the authors upon request.

Proposition 11. Suppose I has previously sold to Ny > 0 consumers and E has previously sold to
Ng > 0 consumers. Provided ay and ap are sufficiently close to zero, there exists a unique MPE

in which E wins sales of the core product in all periods if and only if sg — s; > A (N1,Ng), and I

'We have also solved the case when the firms compete (imperfectly) with each other in their adjacent
segments/markets, so that firm ¢ gets additional profit of o; 4+ (f; (Vi) — f; (IV;)) from its outside product.
The results for this case are available from the authors upon request.



wins in all periods otherwise, where

A(N;,Ng) = A(Np,Ng)+ar(1=208)Y_ 8 g1(f1 (N1 +j)) + apge(fe (Ng))
=0

— | er(1=6)>" 95 (fe(Ne + ) + azgr (fr (N1))
=0

The outcome is socially optimal. Moreover, the firms’ value functions are determined as in the
proof of Proposition 1, except A (N1, Ng) is replaced everywhere with A (N1, Ng), and w

is added to firm i’s value function regardless of the range of sp — sy.

Proposition 11 highlights that both firms obtain positive value in all cases, reflecting their
profits from the adjacent consumer segments or markets. One complication relative to our baseline
setting is that here, when «; is large enough, it is possible that firm ¢ is more likely to win when
it is further away from the threshold than when it is closer. This arises for functional forms of
g; and f; such that firm ¢ stands to gain more from winning in terms of increasing revenue from
the adjacent segments/markets when it is further away from the threshold compared to when it is
closer. However, provided «; is not too large, any such effect will be dominated by the property
that winning improves the core product, and makes it easier for the winning firm to win in the
future. In Proposition 11, the cutoff A (N7, Ng) is proportional to the difference between the two
firms in the present discounted value (PDV) of gross surplus generated from learning in both the
core market and in the adjacent segments/markets, comparing the paths where each firm wins
the core market in every period from the current period onwards. This explains why the outcome
remains socially optimal. Moreover, it is easily seen that taking «; — 0 for ¢ = {I, E'} brings us

back to our baseline results.

A.3 Exit of the losing firm

Finally, we consider what happens in our baseline model of across-user learning if there is a
small fixed operating cost K > 0 for each firm. Bertrand-type competition implies one of the
firms will stop being active (either it would not enter in the first place, or if already present,
would exit). If I can win this period by pricing at p! and E exits, the PDV of I’s profit becomes
p'—c—K+Y232, 8 (sr + f1 (N1 + j) — ¢ — K) given that in all future periods I will be a monopolist
and can extract consumers’ full willingness to pay but must pay the costs ¢ + K each period.
Otherwise, if I cannot win this period, it will exit and obtain nothing. Thus, I is willing to price
down to p! =c+ K — Py 87 (s; + f1 (N7 + j) — ¢ — K) to win in the current period. Likewise, E
is willing to price down to p¥ = c+ K — Py 87 (sg + fe (Ng + j) — ¢ — K) to win in the current
period. Given E wins iff sg + fg (Ng) — p¥ > s; + f1 (N7) — p’, plugging in the lowest price

each firm is willing to price down to in order to win, it is straightforward to see that the resulting
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condition for E to win is identical to that in Proposition 1. And this is exactly the condition for
it to be efficient for E to win, which is not surprising here given that the winning firm extracts
consumers’ full willingness to pay. This means all our comparative statics results continue to hold
in this alternative setting. However, the fact that in every period the winning firm leaves consumers
with no surplus seems unreasonable to us (the extensions above, in which the losing firm makes
some profit every period and remains active, are more realistic), which is why we focused on a

setting in which the losing firm remains active and still disciplines the winning firm.

B Data depreciation

In this section, we analyze the model with data depreciation and prove the expression for the
cutoff A? (N7, Ng) in the main text. To do so, we start by analyzing the version of the model with
finite horizon T and then let T — oo. The two firms begin with stocks of data (N7, Ng) in period
1.

Consider first T' = 2. If firm I wins period 1, then firm profits in period 2 are

max {sg + fe (Ng —p) —s; — fi (Nr —p+1),0}

for firm E and
max {s; + fr (Nr —p+1) —sp — fg (Ng — p),0}

for firm I. If firm E wins period 1, then period 2 profits are
max {sg + fp (Ng —p+1) —s1 — fr (N1 — p), 0}

for firm E and
max {s; + fr (N1 — p) — sg — fe (Ng —p+1),0}

for firm I.

Thus, in period 1, E wins iff

3E+fE(NE)+5< max {sg + fe (Ng —p+1) —sr — fr (Nt — p),0} )

—max{sg+ fe(Ng—p) —sr — fi (Nt —p+1),0}

max {s;+ ff(Nf—p+1)—sg — fe (Ng —p),0} >

> N 0
= s+ fr(ND+ (—max{8]+fI(N[—P)—SE—fE(NE—P‘i‘l),O}

There are three cases. Suppose first

sg+ fe(Ng—p)>sr+ fi(Nr—p+1),

which means E wins in period 2 even if it loses period 1, i.e. it always wins in period 2. Then E



wins in period 1 iff

sg—s1 2> fr(N1) = fe(Ng) =6 (fE(Ng —p+1) = fE(Ng —p) + fr1 (Nt —p+1) — fr (Nr — p)).

We have

fI(Nf_p+1)_fE(NE—P)ZfI(NI)—fE(NE)—5< fe(Ne=p+1) = fe (Ne = p) )7

+fr(Nr—p+1)— fr(Nr—p)

so E wins in period 1 if it always wins in period 2.

By symmetry, the same will be true for I.

So now consider the interesting middle case, in which s; + f; (N —p+1) > sg+ fe (Ng — p)
and sp+ fe (Ng —p+1) > s+ f1 (Nr — p), ie.

filtNt=p) = feE(Ne—p+1)<sg—s1 < fi(Nr—p+1)— fe (Ng — p).
This means whichever firm wins period 1 also wins period 2. In this case, E wins in period 1 iff

s+ fE(Ne—p+1)

N o
%+ fr (Ne) + ( —s1 = fr (N1 —p)

)231+f1(N1)+5<SI+fI(N1_p+1))

—sg — fE (NE — p)
ie.

J1(N1) = fE(Ng) + 0 (fi(Nt —p)+ fr(Nr —p+1) — fE(Ng —p) — fe (NE — p+ 1))
1+26

SE— 81 2>

It is easily verified that

J1(Nr—p)— fe(Ne—p+1)
fr(Nr) = fE(Ne) +0(fi(Nr—p)+ fi(Nt—p+1) — fe(Ne—p) — fE(NE—p+1))
1420

IN

< filNr—p+1) = fe(Ng—p).

So

J1(N1) = fe(Ng)+6 (fi (Nt —p) + fi(Nr —p+1) = fe (Ne —p) — fe (N —p+1))
1426

A?(N;, Ng,2) =

Furthermore, in this parameter region we have

¥ (N7, Ng,2) = 0¥ (N;—p+1,Ng —p,1) + (1 + 26) max {sp — s — A (N7, Ng,2),0}
= (1+25)max{sE—sI—Ad(N],NE,Q),O}

' (N7, Ng,2) = (1+26)max {31 — sp + A (N7, Ng, 2) ,o} .



Meanwhile, if sg + fg (Ng — p) > s+ f1 (N; — p+ 1), then

1% (N;,Ng,2) = sp—si+ fe(Ng)— fi(N1)+6(sg+ fe (Ng —p+1) — sy — fr (N; — p))
I’ (N7, Ng, 2) 0.

And symmetrically, if s; + fr (N; — p) > sg + fe (Ng — p+ 1), then

e (N;,Ng,2) = 0

" (N1, Ng,2) = s;—sg+ fr(N))— fe(Ng)+6(si+ fi (Nt —p+1) —sg — fe (Ng — p)).
Bottomline:
A4 (N, Np, 2) = fr(N1) = fe (Ng) + 0 (fr (Nt —p) + [1 (i\fi;(sﬁ )= fe(Ne—p)— feE(Ng—p+1))
st —sg+ fr(N1) — fe (Ng) > SE — ST
+0(s1+ fr(Nt—p+1) —sg— fe(Ng —p)) < fi(Nr—p) = fe(Ng —p+1)
1’ (N;, Ng, 2) = g . Ji(Ni=p) = feE(Ne—p+1)
(1—|—25) (S]—SE+A (N],NE,Q)) if SSE—SISAd(NLNE72)
\ 0 if sp—s7 > AY (N7, Ng, 2)
( 0 if SE—S]<Ad(N[,NE,2)
. AY (N7, Ng,2) < sg — sy
1426 — 57— AY(Ny,Ng,2 f
NP (Nj, N, 2) = (1420) (s = s = A% Ny, N, 2) S < BN —p+1) = f5(Ne—p)
sg —sr+ fe (Ng) — fr (Ng) " SE — ST
+0(se+fe(Ne—p+1)—s;— fr(Nr—p)) > fi(Nr—p+1) = fe (Ne —p)

Now suppose for some 7" > 2 and any starting point (N7, Ng) we have

Yo (1)

26 ()

+fr (N1 —jp+j) — fe (Ng — jp) <AY(N;—p,Ng—p+1,T - 1)
AY(N;—p,Ng—p+1,T—1)
< sp—s; < AY(N;,Ng,T)

0 if sp—s7 > ANy, Ng, T)

! (N;,Ng,T) = .
(o N 1) (Zf;ol(jJrl)éj) (s1 — s+ A (Ny, Ng,T))  if




0 if sp—s; < AY(Ny,Ng,T)

: A (N, N, T) < sg —
(Zf;ol(jﬂ)éﬂ)(sE—sf—Ad(NI,NE,T)) if (N1, N, T) < s = s1

1% (Ny,Ng, T) = <AY(N;—p+1,Ng—p,T - 1)

T—1 ¢ SE — 81 . SEp — ST
Zj:o 6] . . . if d
{ +fe (Ng —jp+j) — fr (N1 — jp) >AY(Ny—p+1,Ng—p, T 1)
Consider now the game starting with state (N7, Ng) and T + 1 periods. I wins in period 1 iff

81+fI(NI)+5(HI(NI_p—l_l’NE_paT)_HI(NI_paNE_p+17T))
> sp+ fg(Ng)+ 0 (¥ (N — p,Ng — p+1,T) —TI¥ (N; — p+ 1, Ng — p,T)),

SO

' (N, Ng, T+1) = 6II' (N;—p,Ng—p+1,7)

s;—sg+ f1(N1) — fe (NE)
+ max 5 Y (N;—p+1,Ng — p, T)+TF (N; — p+1,Ng — p,T) ,0
—I' (N; — p,Ng —p+1,T) —=1II¥ (N — p, Np — p+ 1,T)

P (N, Ng,T+1) = 6P (N;—p+1,Ng—p,T)

sg—s1+ fe (Ng) — f1(Ni)
+ max 5 Y (N — p,Ng — p+1,T)+ 1P (N; — p, Ng — p+1,T) ,0
' (N; = p+1,Ng — p,T) = 11" (N; = p+1,Ng — p,T)

Suppose we are in the region where I wins, ie. II/ (N;,Ng,T+1) > 0 and sp — s; <
0

A (N7, Ng,T+1). Then we must have II¥ (N;, Ng, T+ 1) = I (N —p+1,Ng — p,T) =
and

' (N1, N, T +1) = si=sp+f1 (ND)=f& (Ng)+6 (' (N; = p+1,Np — p, T) = 11" (N — p, Ng — p+ 1, 7)) .
From the induction hypothesis, we have

' (N; —p+1,Ng — p,T)

( . .
ST-14 si—sp+ 1Nt —(G+1)p+i+1) : 5B — 51
=0 —fE(Ne—(+1)p) <AYN;—2p+1,Ng—2p+1,T —1)
= 1. : S;p—$ , ANy —2p+1,Ng—2p+1,T—1
(Ejrzol (]_1_1)5]) ; I E T (N1 P j E p )
+A (N[*erl,NE*p,T) <sgp—s <A (N[*p+1,NE*p,T)
0 if SE—S]ZAd(N[—p—Fl,NE—p,T)



% (Ny — p,Ng — p+1,T)

(

0 if B8l
< AY(N;—p,Ng—p+1,T)
_ (Z?;ol(jﬂ)aj)( B ) g AWNi=pNp—p+1T) Sop -
~AY(N;— p,Ngp —p+1,T) <AY(N;—2p+1,Ng—2p+1,T - 1)
Zr_l(sj<SE—SI+fE(NE—(j+1)P+j+1)> £ SE — 81
| = —f1 (Nr = (j+1) p) > AY(N;—2p+1,Np —2p+1,T — 1)

Y Sk (fr(Nr = (G + D) p+k+1) = fo (Ne — (j+ 1) p+ k)

- ST +1)4

S S o8 (f1 (N1 = (G + 1) p+ k) = fe (N — (j+ 1) p+ k +1))
S (G160 '

AY(Nr—p+1,Ng—p,T)

AY (N —p,Ng—p+1,T) =
If sp —s; < AY(N;— p, Ng — p+1,T), then
' (N;,Ng,T+1) = s;—sg+ fr(N7) — fg (Ng)

71
+4 (Z(Sj(SISE—I-fI(NI(j+1)P+j+1)fE(NE(j+1)P)))

=0

|
.Mﬂ

& (s; —sg+ fi (N1 —jp+4) — fe (N5 — jp)).
7=0

IfA(N;—p,Ng—p+1,T)<sp—s1 <A (N;—2p+1,Ng —2p+1,T — 1), then

' (N;,Ng, T+1) = s;—sg+ fr(Nr) — fe (Ng)
>0 0 (st —sp+ fi(Ni— (G +1)p+j+1) = fe(Ne— (G +1)p))
+6 - (X5 G+ D) (55— s1)
+Z]T;ol 10 (fi(Nr=(G+1)p+k)— fe(Ng— (G +1)p+k+1))
T T J
= (Z(j+1)5j) (s1—sE)+ Y. > 8 (fr(Ni—jp+k)— fu(Ng—jp+k).

j=0 7=0 k=0
If AY(Nf —2p+1,Ng —2p+1,T —1) < sp —s5; < A*(N; — p+1,Ng — p,T), then

" (N;,Ng,T+1) = s;—sg+ fr(Nr)— f& (Ng)
(X750 G+ 1)87) (51 = 1)
FO | A g (fr (N = (j+ D) p+k+1) — fs(Ng— (j+ 1) p+k))
(ST (s s+ S (Ne— G+ D) pt 5+ 1) = fr (N — (1))



T T J
(Z j+1)6 ) 51— SE +225j(fI(NI_jp+k)_fE(NE_jp+k))'
7=0

7=0 k=0

So II (N7, Ng, T + 1) has the same expression for A? (N; — p,Ng —p+1,T) < sp — s; <
AY(N;—p+1,Ng —p,T). And

Ym0 Theo ¥ (f1 (N1 = jp + k) = f (N = jp + )

AY(Ny, Np,T+1) = 4 A
Yo (G +1)00

The last step is to verify that
zAd(AG-—p,AQQ—-p—Fl,IU S;Ad(AG,A&%17+fU S;Ad(AG-—p-+1,A@;—;LJU,

ie.

Z (fI(NI—('+1)P+k¢)—fE(NE—(j+1)P+7€+1))
ST i+ 1) 6
S oYt o8 (fr (Nr —jp+k) — fu (Ng — jp+ k)
Yo (i+1)8
Yic0 Yheo O (fr(Ni =G+ D) p+k+1) = fo(Ng— (j+ 1) p+k))
S +1) 6 '

IN

<

To show the first inequality, write

S oY h o8 (fr (Nr = jp+k) = fe (Ng —jp+k))
Yo (G4 1)d0
Z & (fi(Nr=(G+D)p+k) = fe(Ng—(G+1)p+k+1))
Yo (G+1)67

_ <Z?:ozi:06ﬂ'ff<NI—jp+k>_Z?;& izoéf'ﬁ(NI—(jH)pw))

S (G +1)00 ST +1)d
N <ZJT_01 I 0 fe(Np—(j+1)p+k+1) - S oY h 0 fe(Ng —jp+ k;)) |
Y0 G+ 1) S i+ 1)00

We will show that each of the two terms between brackets in the last expression above is non-

negative.
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We have

Yo o V1 (Nr =+ k) Y oo ST (Vi = G+ ) p+ k)

Yl oG+ 1) Yo (G +1)6
_ TR (N = Tp+T) +TZ:1( il k5jf1(NI—]P+k) Z]Tk+15j‘1f1(N1—jp+k)>
Z] 0(J+1)d7 0 > = o (G 1)00 Z?:_ol(j‘i'l)(sj

STfr (N —Tp+T)
Z]Tfo (j+1)67

Ffi (N kot k) ot 5 _
+Z<2301+1)5J j:z (ZJTOI(JH)& ZJO(J+1)5>fI(NI JP+k))

k+1

(5Tf[ (N[ - Tp + T)
DRI VY

(S (N =ko+k) ( i1 &/ >
B - Ny —kp+k
+Z( ZT (j+1)07 Z Zjo(jJrl)(; ZJ Gt 1)0 fr (N1 p+k)

k=0 j=0 j=k+1
where the inequality follows from ST jj(]ll)aj T O(ZH) >0forall j > 1and fr (N —jp+k) <
f1(Nr—kp+k) for all j > k.
Thus,

Yo o 8 f1 (NE = jp+ k) Y150 Yo 8 f1 (N1 = (G + 1) p+ k)

S (G +1)00 S (G+1)60
O f (N =Tp+T) +TZ_1 ( " L X + yien ¥ ) f1 (N7 — kp+ k)
T YL+ S\S 0+ DE X GHDE S(+1)
STf (Nf —Tp+T) = gk — 5T+ 5k — o7
I RS ((1 YL, G+ De (-8 i, <j+1>6j> fr =k )
We have (5k: _ 5T+1 5k _ 5T
1= G+16 (1= G+1)6
iﬁ 14+, o
CT+1 2 6",
This means there exists £* € {1,.., T} such that RS K LS X >0 for k > k*

(=) X141 (1-8) Xy (j+1)8
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6k 6T+1 5k 5T

=0yl )y  (1=9) ST <0 for k£ < k*. This implies

and

ST fr (N —Tp+T) _ T+l B s §T N
Yjmo G+ 1) kZ< )Zfzo(jﬂ)éj -0 X0 +1)5>f1( 1= kp+k)
f (N[ — Tp + T) k*—1 ( 5k . 5T+1 (5 5T ) )
- - Nr—k k*
IR EICALy +kz=0 (1= i G+1Dd (1=8)> (j+1) Jr(Nr =Fp+k)
-1 5T+1 5 _(5T
_ N — kot k*
;(1—5 ZJT:O(j-f—l)(Sj (1_5)ZJ0(J+1)5>f1( I p+ k")
5T T—-1 6 —5T+1 5k_5T
> B N -
= (Z?OO—i_l +Z;)(1_ Z?:O(j+1)5j (1_5)2}“:—01(j+1)6j>>fl( I p+ )

= 0.

So we have proven that

Ym0 Lheo P f1 N1 —p+k) 35 o ¥ Fr(Ni =G+ 1) p+k)
S (G +1)00 S (G +1)67 N

Now to the other term.

er;01 I 08 fe (NE —(+p+k+1) ZJT:o St 08 f5 (N —jp+k)
Yise (i+1)6 - Yo (i+1) 6
S A T e (NE—jp+ k) oS0 08 fs (NE—jp+k)
S i+ 1) 0 B S+ 1)

B r 671 57 ZJ-T:05jfE(NE—jP)
_ZZ<Z,~—O<@+1>6_zm(wl)a)fE(NE_‘””k) STy+1)d

T-1 (T—j §itk—1 itk ) ) i |
g ( <Zfo (i+1)§ ST 0(z+1)5>fE(NE_(3+ )ptk) = WfE(NE—Jp)>

53+k L §itk

ST~ ST o)

Z]T;ol T 00 fE(NE—(+1)p+k+1) B Zj:o S 08 f5 (Ng —jp+k)
Yisg (i+1)8 Yig(i+1)8

Note that fp (Ng— (j +k)p+ k) > fe (Ng — jp) and for all 7 and
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T-1 <T—]< §itk=1 §itk )f 5 o )
> _ B Y o
TR S\ X () Y+ 1)d > ORI A

_Tfl 1— T 1 — §T-i+1 &7 ; (N . )_5TfE(NE—TP)
T a\STE e S it 10 A NS

It can be easily verified that

J=0

1—§T-3 1 — T+l

S i+ 1) T S i+ 1)d

is equivalent to

. _ §T+1
T+1)6 >
T+ ==
The last inequality holds When j = 0 and does not hold when j = T. So there exists j* € [1,T] such
—6T -3 1§73+ 6T J 1§77+
that Z S5 > ST (+1) for j < g* and Z RIPTY < ST G +1) for j > j*. This implies

S 00 fE (NE — G+ Dp+k+1) oS0 8 fs(Ne—jp+k)

Yo (i+1)6 Yo (i+1)6
Tzl 1 — T 1— T+l 5 fi (N5 — %) 6T fg (Ng —Tp)
- - E E — - -
= zo (i+1)0° ZLO@"’U& 1—9 ZZTF:O(H-U&%
100 T 100 _peTH . 6T f5(Ng—"Tp)
Do (G+1)60 Y, (i+1)0 Yo+ 1)0
6T (1 —0)?

1— (T +2)67+ ¢ (T +1)07+2 (fe (N —j*p) — fe (Ne —Tp)) 2 0,

where we have used

S
L

1—(T+1)6" +TsTH
(1-06)°

(i+1)8 =

<.
Il
=)

Finally, we need to show

S oY h o8 (fr (Nr = jp+k) = fe (Ng —jp+k))
Yo (i +1)8
i F(fri(Nt=(G+Dp+k+1)—fe(Ng—(G+1)p+k))
ST +1)6 '

<

13



To do so, simply note

S i:05jf1(N[—(j+1)p+k+l) Z] oS 8 fr ( 1—jp+k)>
Zz 0 (Z+1)6l Zz:O (/L+ )52 B

by the exact same logic we have used above to show

> Y0¥ fE (NE—<j+ Dptk+1) Yo Xieo®fe(Ne—jotk) -
Y (i+1) 6 Yo (i+1) 6 B

And

im0 Sheo o (Np —jp+ k) 3jg Sheo ¥ fo(Nu = G+ 1) p+k)
Zi:() (i+1)0° Zz‘T;ol (i+1)0° B

by the same logic used above to show

im0 Sheo P f1 N1 —p+ k) i Mo ¥ fr(Ni =G+ 1) p+k)
Zi:O (i+1)0° Z;i_ol (i+1) 01 B

Thus, we have shown that for any finite horizon 7" and any starting point (N7, Ng), the cutoff

for E to win is

S S8 (fr (Nt~ jp+ k) — f5 (N — jp+ k)

AY(N;,Ng,T) =
. Y G+ 1)

Taking T' — oo we obtain

oo J
AY(N,Ng) =1 =02> > 6 (fi(Nr—jp+k)— fe (Ng —jp+ k).
7=0 k=0

C Finite number of periods with across-user learning

In this section, we derive the cutoff for the game with pure across-user learning and a finite
number of periods. Denote the two firms’ profits when there are T periods remaining and the
current state is (N7, Ng) by I/ (N7, Ng,T) and I1¥ (Ny, Ng, T).

For T'=1 we have

' (N7, Ng,1) = max{s;+ fr (N;) — sg — f& (Ng),0}
¥ (N;,Np,1) = max{sp+ fr (Ng) —sr — fr (N;),0},

SO
A(Nr,Ng,1) = f1(N7) = fe (NE) .

14



Suppose now that for some 7' > 0 and any state (N7, Ng) we have

T—1
67 (1—077)
A (N7, Np, T 21 T+1 6T & ToT+1

(f1 (N1 +37) = fe(Ng + 7))

M

Y0 00 (s1+ fr(N1+j)—se—fe(Ng))  if sp—s1 <A(N,Ng+1,T—1)

. A(N[ NE+1 T—l)ﬁsE—S‘r
0!/ (N;,Ng,T) = 1426+ ...+ 1671 (s — sg + A (N7, Ng, T)) if ’ ’
(N1, Np,T) ( ) (s1 = sg + A(Np, Ng,T)) < ANy, N, T)
0 if sg—sr > A(Nr,Ng,T)
0 if SE—S[<A(N[,NE,T)
A (N7, Ng,T) < sp —
T8 (N1, Ng, T) = { (1426 + ...+ T6T~1) (sg — s — A(Ny, Ng,T)) i (N1, Np, T) < s = 1

<A(N;r+1,Ng,T—-1)
Z;F:_ol & (sg+ fe (Ng+j) — sr — fr(Nr)) if sp—sr>A(N+1,Ng,T—-1)
At the end of this section we will confirm that A (N7, Ng + 1,7 — 1) < A(N;,Ng,T) < A(N;+1,Ng,T — 1)
for any (N7, Ng) and T > 1.
Consider the game with T + 1 periods starting from state (N7, Ng). I wins iff

si+ fir (Np)+6 (' (N; +1,Ng, T) = II' (N, Ng + 1,7))
> sp+ fg (Ng)+ 0 (1% (N;,Ng + 1,T) = I¥ (N; + 1, Ng, T)) ,

SO

st —sg+ 1 (N1) — fe (Ng)
I (N7, Ng, T +1) = 6II' (N7, Ng 4+ 1,T) 4+ max 5( I’ (N; +1,Ng, T) + II” (N; 4+ 1, Ng, T) )
—I1' (N7, Ng +1,T) — T1¥ (N7, Ng + 1,T)
sg—s1+ [e (Ng) — f1 (N1)
¥ (N;, Ng, T +1) = 6P (N; + 1, Ng,T) + max +5< ! (N;, Ng 4+ 1,T) + IT¥ (N7, Ng + 1,T) ) 0
—I1' (N; +1,Ng,1) —=TI® (N; + 1, Ng,T) )’

Using the induction result for the game with 7" periods to write the expressions of II! (N7 + 1, Ng, T')
and IT¥ (N7, Ng + 1, T), straightforward calculations yield

2?05 (S[+f](N[+j)—SE—fE(NE)) if SE—S]<A(N],NE+1,T>
- A(N;, N 1,7) < —

1 (N, Ng, T +1) =4 (1420+ ..+ (T +1)67) oL sE (N1, Ng +1,T) < sp = o1
+A(N],NE,T+1) <A(N[,NE,T+1)

0 if sp—s;r>A(N,Ng,T+1)
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0 if SE—8[<A(N[,NE,T+1)

— A(N,Ng, T+1) < —
7 (N, N, T+ 1) ={ (1426 + ...+ (T +1) 7 B g AWLNe TH1) < sp—s1
—A(N[,NE,T+1) <A(N1+1,NE,T)
S 00 (sp+ B (NE+j) — 51— f1 (N1)) if sp—s;>A(N+1,Ng,T)
SO

r 57 (1 67+1)

;1—(T+2)5T+1+(T+1)6T+2(

A(NI,NE,T+1)(15)( fz(N1+j)fE(NE+j)))-

Thus, by induction, the expressions above hold for any 17" > 1.
Finally, we need to confirm that A (N;, Np + 1,7 — 1) < A(N;,Ng,T) < A(N;+1,Ng,T — 1)
for any (N7, Ng) and T' > 1. To do so, write

T-1 T
(1—-0)87 (1 —0"77
A(leNEaT)_A(NIaNE+17T_1) = Z]_ T+1(($T+T5T)—|—1

(f1r (N1 +37) = fe(Ng + 7))

.

=0
T-2 j _ sT—1—j
Z . T(;Tél(j_( 5_ 1)o7 ) 7 (f1(Nr+7) = fe(Ne+1+7))

Jj=

T—1 , i _—

_ (1—5)53(1—6T ]) (1— 5j(1_5T1]) .
a ;%1—(T+1)5T+T6T+1f1 Ni+3) = JZ(:) 7T 4 (T = )5TfI(NI+J)

UL G ) PSS Gt Ll Ul ) IR

jzol—T5T1+(T—1)5TfE( 2+ 1+7) ]:ol T+ 1) 5T+T5T+1fE‘( E+J).

It is easily verified that this expression is positive for 7' =1 and T" = 2. So assume T > 3.

Recall that

= 1.

S a0e et 2w ) 2 a g (i)

— 1 — T+15T+T5T+1:]Z(:)1—T5T1+(T—1)6T_ 1—-T6T-1 + (T —1)6T

.

Furthermore, it is straightforward to verify that there exists j* € [1,...,7 — 2] such that

(1—8)8 (1—6T-179)  (1-06)67 (1— 679
TTOT T4 (T —1)67 ~ 1— (T +1)67 + ToT+1

for all 0 < 5 < j* and

(1—6)67 (1—67-177) _ (=9 & (1—6779)
1-T6T1+(T—-1)0T = 1= (T+1)6T +ToT+1
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forall j* <3 <T —1.

Thus, we have

T-1 T-1 1
(1—08)67 (1—97) (1—0)67 (1 — 71 .
Z(:)l_(T_l_l)(;T_'_T(;TJrlfI NI+] Z —T§T- 1_,_( _1)5TfI(N1+])

_ 3 <(1_5)5j(1—5”) _(1—5)5](1—5T1])>fI(N1+j)

<.
I
k»

*

1—(T+ 16T +T76T+ 1 —-T6T-1 4 (T —1)67

.

fy 1—6)87 (1— 673 1—8)67 (1 —§T-1-3
> (( )87 ( ) (=9 )

T (T+ 1)o7 + 7671 1—T5T—1+(T—1)6T> Jr (N1 )

+

J=j*+1

J (1—6)87 (1 —6T7 (1—6)67 (1 —oT—13
N Z<1 (1—o7) ( )

i=0 (T'+1) 5T+T5T“_1—T5T—1+(T—1)5T> fr )

S —0)87 (1—0T77)  (1—0)& (1—oT"1) )
" T T+1 T—1 7 | fr (Nr+3%)
= 1— T+1)6 +T6 1—T6T 1+ (T—1)6
= 0.
And
(1= (1-6"1) Ng +1 = (1-8)0 (1 —6T) Ng +j
JZOI—T(ST—1+(T—1)5TfE( E+1+7) j=ol T+1) 5T+T5T+1fE( E+7)
B pf - ULV LA (E ) AR
T—1 - - A . ]
-9y u-0-) _Q-0&1-0 " | (1-8)(1-0
— <1—T5T1+((T_1)52F—1_(T+1)(5T+T5T)H fE(NE+])_1—(T+1)(5T+T25T+1fE(NE)
j=1
T-1 . B ' »
(1—5)5311—5T] (1—6)d7 1— T (1-4) L _sT
> — T—1 ( — ;— — (T T)+1 fE(NE)— — (T )T+1fE(NE)
= \1-T% +(T-1)6T 1—(T+1)6T+T6 (T3 1)6T + 1o
= 0,

(1-0)67—1 (1-677) (1-6)57 (1-877)

where the inequality follows from the observation that T—rs7— S T—10T > T=(T41)6T 76T+ for all

7.
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We can therefore conclude that

T-1 T_1
5](1—5TJ) (1-96) 5](1_5T1]) '
yz(:Jl (T+1 5T+T6T+1f1 Nr+i) = ]z: 6T (T — )5TfI(N1+J)
T2 Iy 1
(1-19) 53( (5T1j) 5](1_5TJ) '
+]Z —TsT— 1+( _1)5TfE(NE+1+] P 1 T+1 6T+T5T+1fE(NE+]>
> 0,

SO A(N[,NE,T) > A(N],NE +1,T — 1).
The symmetry of I and E then implies that A (N7, Ng,T) < A(N;+ 1, Ng, T —1).

Meanwhile, the socially efficient cutoff in the T-period model is

-1
AS(Np,Np,T) = (1-0) | Y 1Ef;T(fI(NI +7) = fe(Ne +j))
=0

Taking the difference,
A(Nr1, Ng,T) — AS(Ny, Ng, T) (C.1)

; -7 1 . :
= (1—5)];05 <1_(T—|—1)(5T+T5T+1 B 1_5T> (fI(NI+J)_fE(NE+.7))'

Note that for T = 1, which is the case with standard one-period Bertrand competition, there
is no distortion, i.e. A(Ny,Ng,1) = AS(N;,Ng,1). The term in large brackets in (C.1) is

positive when j = 0, everywhere decreasing in j, and negative when j = T — 1. Given that
Z;F 01 57 <1_(T Jil_)‘;:; +]T6T o — 1_15T) = 0, the overall distortion depends on a weighted average of

the difference in the learning functions at consecutive steps, where the weights sum to zero. Thus,
in general, for a finite number of periods greater than one, the distortion can go in either direction
depending on the shapes of the learning curves. However, it is easily verified that when T tends to
infinity, both A(N7, Ng,T) and A¥(Ny, Ng,T) converge to A(Ny, Ng) defined in (2).

In the finite case with 7' > 1, the distortion A(Ny, Ng,T) — A%(Ny, Ng,T) can go in either
direction depending on the shapes of the learning curves. For example, it is straightforward to
verify that with fr = fg = f and N; > Npg, this distortion is positive if f is concave, negative if f
is convex, and zero if f is linear. On the other hand, if f;(z) = ;2 and N; > Ng, the distortion is
positive if ; < 0g, negative if 87 > 0, and zero if 0; = 0.

D Data acquisition

The cutoff A* in Proposition 7 is determined as follows:

18



o if
A(N],NE—FNA)—FA(N]—FNA,NE) < 5A(N]+NA,NE+1)+(2—5)A(N]+1,NE+NA),

then
A(N;,Ng+Ng)+A(N;r+ Ng,Ng) — A (Nr+ Ny, Ng + 1)

A* =
2—-90

o if
(SA(N[—FNA,NE+1)—|—(2—(5)A(N]+1,NE+NA) < A(N[,NE+NA)+A(N]+NA,NE)

<OA(N;+1,Ng+Na)+(2—-0)A(N;+Na,Ng+1),

then
AF A(N[,NE+NA)+A(N[+NA,NE)—5A(N[+1,NE+NA) —5A(N[+NA,NE+1)
B 2(1—94)
o if

A(N],NE—FNA)—FA(N[—FNA,NE) > 5A(N]+1,NE+NA)+(2—5)A(N[+NA,NE+1),

then
A(Nr,Ng+ Ng)+A(N;r+ Na,Ng) — A (Nr+1,Ng+ Ny)

A =
2—-9

Here we prove that the existence of the new data N4 can make I worse off despite the fact I
acquires the new data in equilibrium.

We already know that when sp — sy < A (N7, Ng + Na) or when sg — sy > A(N;+ Na, Ng),
the losing firm does not subsidize before and after the data acquisition by the winning firm. There-
fore, in these cases the winning firm is made better off by the appearance of the data acquisition
opportunity: it pays a price of zero to acquire the data and the new data puts it in an even better
competitive position.

Now assume we are in the case with A (N7, Ng + Na) < sp —s; < A(N;+ N4, Ng). Suppose
I wins the data, so A (N7, Ng + Ny) < sp — sy < A*. I will have to pay Wg (sg — sy) for the data

and ends up better off as a whole iff
VI(N; 4+ Na,Ng) — VI (N;,Ng) > Wg (sg —s1) = VE (N[, Ng + Na) — VE(N; + Na, Ng).
Note that I wins the data iff

VI(N; + Na,Ng) —VE(N;,Ng+ N4) > VE(N;,Ng + Ny) — VP (N; + Na, Ng) .
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So it’s possible that I wins the data but is worse off, which happens whenever

VI(N;+ Na,Ng) — VI (N, Ng + Ny) > VE(N;,Ng+Ny)—VE(N;+ Ny, Ng)
> VI(N;+ Na,Ng)—VI(N;, Ng).

E Finite number of periods with within-user learning

In this section, we prove that the outcome of the game with pure within-user learning and a
finite time horizon is socially optimal (unlike the case with across-user learning and a finite time
horizon).

Recall that the state (Nj, Ng) here means that the representative consumer has previously
purchased N; times from firm ¢, for ¢ = I, E. If there are t periods remaining and the state is
(N1, Ng), the two firms’ profits are denoted I/ (N7, Ng,t) and I1¥ (N7, Ng,t), whereas the PDV
of the net surplus derived by the representative consumer is denoted u (Ny, Ng,t).

Consider first t = 1. We have

I (N, Ng,1) = max{s;+ f; (N1) — sg — fe (Ng),0}
1% (N7, Ng,1) = max{sg+ f& (Ng) —s; — f1 (N1),0}.

So

A(Ny,Ng,1) = fr(Nr)— fe(Ng)
U(N],NE,l) = min{S[—C—i—f[(N[),SE—C-i-fE(NE)}.

Thus, the result holds for ¢ = 1.

Now suppose for some t > 0, we have

t—1

' (N7, Ng,t) = maxq > 6 (s;+ f1 (N1 +4) — s — fu (Ng +4)),0
=0

t—1

¥ (N, Ng,t) = max{ > & (sp+ fe (Ng+j) —si — fr (N1 +5)),0
j=0

S0 (fr (N1 +5) — fe (Ne + 7))

A (N7, Ng,t) =

>y
t—1 4 t—1 '
u (N7, Ng,t) = min Z‘Sj(31_C+fI(NI+j))=Z(5]<3E_C+fE(NE+j))
=0 =0
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for all (N7, Ng). Note that A (N7, Ng, t) defined above is the socially optimum cutoff for the game
starting in state (N7, Ng) and with ¢ periods left.
Consider now the game starting with state (N7, Ng) and having ¢ + 1 periods left. I wins iff

sp+ fr (Nr) +6 (' (N; + 1, Ng,t) — IT! (N7, Ng + 1,1)) + 6u (N; + 1, Ng, t)
> sp+ fg(Ng)+ 0 (1% (N, Ng + 1,t) — 1" (N; + 1, N, t)) + 6u (N7, Ng + 1, 1),

SO

! (N;, Ng,t+1) = 61 (N7, Ng + 1,1t
s —sg + fr(N1) — fe (Ng)
+ max 5( I (N7 + 1, Ng, t) + ITE (N7 + 1, N, t) + u (N7 + 1, N, t) )

0
—IIY (N;,Ng +1,t) = I® (N, Ng + 1,t) — u (N7, Ng + 1,1)

If (N;, Ng,t+1) = 6I¥ (N; +1,Ng,t)
sg —sr+ fe (Ng) — fr (Ny)
+ max 5 I (N;, Ng + 1,t) + I (N;, Ng + 1,t) + u (N, Ng + 1,t)
—IIY (N; +1,Ng,t) —TI® (N; + 1, Ng,t) —u (N7 + 1, Ng, t)

Using the induction hypothesis for the case with ¢ periods left and states (N;+ 1, Ng) and
(N7, Ng + 1), straightforward calculations lead to

t
' (N, Ng,t+1) = max{ > 6 (s1+ f1 (N1 + ) = s5 — fu(Ng + 7)), 0
=0
t

HE(N[,NE,t—l-l) = max Zéj(SE—i-fE(NE—i-j)—S[—f[(N]+j)),0
=0

S0 (fr (Nr + ) — fe (Ne + 7))
>y
t t

w(Nr,Ng,t+1) = min Z(Sj(sf—c+f1(N1+j)),Z<5j(sE—c—l—fE(NE—i-j))
j=0 Jj=0

A(Np,Ng,t+1) =

Thus, the result holds for ¢4 1. By induction, we have therefore proven the result for any ¢t > 1.

F  Across-user vs. within-user learning

We establish the following result.

21



Proposition 12. Comparing the case of within-user learning with across-user learning for the
same learning curves, the same learning thresholds, and the same current state (Nj, Ng), then
provided either N; < N1 or Ng < Ng (so we rule out both firms being at their learning threshold
already), the PDV of the winning firm’s profit is strictly higher under across-user learning than in

the case of within-user learning.

We compare the value functions from the proof of Proposition 1 with the value functions from
the proof of Proposition 10. There are four different cases to consider, depending on the value of

sp—s7. If sg —s; < A(Ny, Ng + 1) then VI(N7, Ng) is higher with across-user learning as

ST — SE " A(N],NE) —5A(N[,NE—|—1) S S]—SE—}-A(N[,NE)

1-35 (1-0) 1-5 >0

given A(N7, Ng) > A(N;,Ng+1). If A(N;, Ng +1) < sp — s < A(Ny, Ng), then VI(N;, Ng) is

higher with across-user learning as

sy —sp+ A(Ny, Ng) L sr—spt A(Nr, Ng)

(10 1-35 > 0.

By symmetry, V! (N7, Ng) is also higher with across-user learning for the two cases when sp —s; >
A(Ny, Ng).

G Across- and within-user learning: myopic consumers
We prove the following result.

Proposition 13. Suppose I has previously sold to consumers 0 < N; < N times and E has
previously sold to consumers 0 < Ng < Ng times, where n; = Ny and ngp = Ng. There exists a
unique MPE in which E wins in all periods if and only if sp — sy > A(Ny, Ng), and I wins in all

periods otherwise, where

ANy, Np) = (1=68) | Y & fr(Nr +5) = > _ & fu(Ng + j)
=0 =0

We apply exactly the same two-dimensional backwards induction steps as in the proof of Propo-
sition 1 to the learning function f; (NV;) starting from the threshold n; = N; = max {Ni,ﬁi}, and
working backwards. Provided all consumers have the same history in any given period, as they
do in equilibrium, each firm must offer a single price to everyone. Note that if some individual
consumer deviates and chooses something different from other consumers, it has no effect on the
firms’ profits and we can ignore it (the deviating consumer is of measure zero, and the measure of

consumers attracted by the winning firm remains equal to one). Moreover, such a consumer doesn’t
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consider what happens to them after they deviate in terms of their future utility off the equilibrium
path given they are myopic and so we don’t need to work out their value in these off-equilibrium
states to determine if consumers want to deviate in the first place. As a result, there is no need to
specify value functions in states in which n; # N;, which is what allows us to apply the proof of

Proposition 1 to the learning function f; (N;) without any modification.

H Across- and within-user learning: forward-looking
consumers

If both firms have reached their learning thresholds, then the value functions are

vE(1,1,1,1) = max{sE_SI"‘fb;(_la&l)—fI(l,l)vo}
vi,1,1,1) = max{SI_SE+f11(ia(1$)_fE(1,1)70}

and consumer net surplus is

min{sg + fe (1,1),sr + fr(1,1)} —c

u(1,1,1,1) = -

H.1 Pareto beliefs

All consumers start in state (1,1,0,0). Under Pareto beliefs, consumers choose I in the current
period iff
sr+ fr(1,1) —pr +0u(1,1,0,0) > sgp —pp + ou(1,1,1,1).

This condition says that consumers jointly prefer to choose I over E. We also need to impose that no
individual consumer wants to unilaterally deviate and choose E, obtaining sp — pg + 0u (1,1,0, 1).
This is implied by the condition above provided w (1,1,0,1) < w(1,1,1,1), which we will show is
true at the end.
Let us determine conditions for choosing I to be an equilibrium. E is willing to price down to ¢—
§ (VF(1,1,1,1) = vF (1,1,0,0)), whereas I is willing to price down to c—4 (V7 (1,1,0,0) — V' (1,1,1,1)).

So I wins iff

sp—c+ fr(1,1)+6 (V1 (1,1,0,0) = V' (1,1,1,1) + u(1,1,0,0))
> sp—c+6(VF(1,1,1,1) = VF(1,1,0,0) + u(1,1,1,1)).
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Assuming I wins, we have

VI(1,1,0,0) = s;—sp+ fr(1,1)+6(V(1,1,0,0) = V¥ (1,1,1,1) + u(1,1,0,0) — u(1,1,1,1))
VF(1,1,0,0) = 0

sp—c+ fp(1,1)
1-6

u(1,1,0,0) = sg—c+d(VF(1,1,1,1) +u(,1,1,1)) =sp—c+4

sp—c+0fr(1,1)
1-6 '

So
ST _3E+f1 (171) _6fE (171)
1-9§ ’

V1(1,1,0,0) =

which means the cutoff is
AT(1,1,0,0) = fr (1,1) = 6f5 (1,1).

Finally we need to make sure no consumer has an incentive to unilaterally deviate from the proposed
equilibrium, which as explained above comes down to showing « (1,1,0,1) < (1,1,1,1).

Suppose a consumer is in state (1,1,0,1), and all other consumers are in state (1,1,0,0).
Because the consumer who is in state (1,1,0,1) has a different history from the other consumers,
she can be charged a different price by each of the two firms—we denote those prices p; and pg.
Given both firms have maximized within-user learning for this consumer and she is too small to
matter for total firm profits and across-user learning, neither firm gains anything from subsidizing
this consumer. Thus, both p; and pgr are greater or equal to ¢. This consumer chooses firm I iff

(recall this consumer expects firm I wins all other consumers, who are in state (1, 1,0,0))
s+ fr(1,1) —pr+6u(1,1,0,1) > sg + fr (0,1) — pg + du(1,1,0,1).

So we have

min {s; + fr (1,1) — pr,sg + f£ (0,1) — P}

u(1717071) = 1_5
min {sy + fr (1,1) — ¢, 55+ fe (0,1) — ¢}
< 1-9¢
< mln{81+f1(1,1)1—_0,58E+fE (1,1) —c} =u(l,1,1,1).

Now let us determine the conditions for choosing E to be an equilibrium in state (1,1,0,0)

under Pareto beliefs. E wins iff
sp—pe+ou(l,1,1,1) > s+ fr(1,1) — p;y + 0u (1,1,0,0).

This condition says all consumers jointly prefer to choose E over I. At the end we will show that
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the equilibrium prices are such that
sg—pe+0ou(l,1,1,1) > sy + fr(1,1) — pr + 6w (1,1,1,0),

i.e. no consumer wants to unilaterally deviate.

Using the same logic as before to determine how low E and I are willing to price, E wins iff

sp—c+6(VP(1,1,1,1) = VP (1,1,0,0) + u(1,1,1,1))
> sp—c+ fr(1,1)+6 (V1 (1,1,0,0) = VI (1,1,1,1) + u(1,1,0,0)) .

Assuming E wins, we have

vi(,1,0,00 = 6VI(1,1,1,1)=0

VE(l,l,O,O) = SE—SI—f1(1,1)+(5(VE(1,1,1,1)+u(1,1,1,1)—u(l,l,O,O))
~osr—c+ fr(1,1)
w(1,1,0,0) = T
S0 ) 1,1 1.1
VE(l,l,O,O)st_SI+ fe(1,1) = fr(1,1)

1-96 ’
which means

AP (1,1,0,0) = AT(1,1,0,0) = f; (1,1) — 6fg (1,1).
Finally, we have to verify that no consumer wants to unilaterally deviate from the proposed
equilibrium with E winning. At equilibrium prices, we have
sp—pe+ou(l,1,1,1) =s;+ fr(1,1) — p;r + 0u(1,1,0,0),
so in order to show that
sp—pe+ou(l,1,1,1) > s+ fr(1,1) —py + ou(1,1,1,0)

it is sufficient to show that w (1,1,1,0) = u(1,1,0,0) in equilibrium. And this is true because by
definition, in this equilibrium, E wins all consumers when they are in state (1,1,0,0), so E must
also win any consumer who is in state (1,1,1,0) because E is in a stronger position relative to
(1,1,0,0). And in both cases, consumer surplus is the maximum surplus offered by the losing firm,

i.e. I, so we have

s —c+ fr(1,1)

w(1,1,1,0) =u(1,1,0,0) = s
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H.2 Favorable beliefs for 1

Again, we start with all consumers in state (1,1,0,0). Under favorable beliefs for I, consumers

choose I in the current period whenever that is an equilibrium, i.e. iff
si+ fr(1,1) —pr+6u(1,1,0,0) > sg — pp + 6u(1,1,0,1).

Let us determine conditions for choosing I to be an equilibrium. E is willing to price down to c—
6 (VF(1,1,1,1) = VF (1,1,0,0)), whereas I is willing to price down to c—4 (VZ (1,1,0,0) — V' (1,1,1,1)).

So I wins iff

s;p—c+ fr(1,1)+6 (V1 (1,1,0,0) = V! (1,1,1,1) + u(1,1,0,0))
> sp—c+6(VF(1,1,1,1) - VP (1,1,0,0) +u(1,1,0,1)).

Assuming I wins, we have

VI(1,1,0,0) = s;—sp+ fr(1,1)+6(V(1,1,0,0) = V¥ (1,1,1,1) + u(1,1,0,0) — u(1,1,0,1))
VP(1,1,0,0) = 0
u(1,1,0,0) = sg—c+6(VF¥(1,1,1,1) +u(1,1,0,1))

_ SE_C+5<maX{SE_SI+f1E_(16,1)—f[(l,l),O}

+u<1,1,o,1>)

and prices are

max {sg —s;+ fe (1,1) — fr(1,1),0}
1-96

pr = C+SI_5E+fI(171)_5< +u(111a071)_u(1111070)>

max {sp — sy + fep(1,1) — fr(1,1),0}
1—-6 '

pp = c—90

Suppose a consumer is in state (1,1,0,1), and all other consumers are in state (1,1,0,0). If
there was no within-user learning for firm E (i.e. fg(0,1) = 0), then the state (1,1,0,1) would
be exactly the same as the state (1,1,0,0), so the focal consumer would be just like the others,
and would therefore face the same prices (pr, pr) determined above. Note that those prices could
be below cost. However, as soon as fg (0,1) > 0, the consumer who is in state (1,1,0,1) can be
treated differently and therefore charged a different price by each of the two firms—we denote those
prices p;r and pp. And because the focal consumer in state (1,1,0,1) is too small to matter for
total firm profits, the two firms can choose any prices for that consumer. Furthermore, because
both firms have maximized within-user learning for the focal consumer, neither firm gains anything
from subsidizing that consumer. So we impose the restriction that p; and pg are both greater or
equal to ¢ whenever fg (0,1) > 0.

The focal consumer chooses firm I iff (recall this consumer expects firm I wins all other con-
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sumers, who are in state (1,1,0,0))
sr+ fr (171) —ﬁ1+5u(1,1,0,1) >sp+ fe (0,1) —ﬁE—l-(Su(l,l,O, 1).

So we have ) ~ ~
min {s; + fr (1,1) — p1,sg + fe(0,1) — pr}
1-96

max {sg — s;+ fg (1,1) — fr(1,1),0}
1-9

u(1,1,0,1) =

u(l,l,0,0)stc+5< +u(1,1,0,1))

s1—sp+ f1(1,1) =4 (max{sE—sH-flE_(;J)—fl(1,1),0} +u(1,1,0,1) —u(1,1,0, 0))
1-9 '

Suppose first sg — sy < fr(1,1) — fg(1,1). Then E has no chance of winning any consumer

VI(1,1,0,0) =

even if it were to win all consumers this period. Furthermore, I has already reached the threshold
for both types of learning. Thus, E does not subsidize any consumer, so we must have (given our

restriction above)
DE = C.

This implies

min {s7 + fr (1,1) = pr,sg + fe (0,1) — ¢} < se+ fe(0,1) —c

v, L0D = -0 = 1-0
u(1,1,0,0) = sg —c+ du(1,1,0,1)
vI(1,1,0,0) = 51—8E+f1(1,1)—5((tc§)u(1,1,o,1)_(SE_C))
> SI—SE‘Ff[(l,l)—(SfE(O’l)>0'

1-6

So the threshold must be higher than fr (1,1) — fg (1,1).
Suppose now sg — sy > fr(1,1) — fg (0,1). This means that any consumer that deviates to E
will stay with E, regardless of what everyone else does. Thus, I has no chance of ever winning the

consumer that is in state (1,1,0, 1), so it won’t subsidize her, which means

pr =c.

This implies
s;r—c+ fr(1,1)

u(1,1,0,1) =u(1,1,1,1) = 1-6 )
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which in turn implies

SE_SI+fE(171)_fI(171)
1-9

u(1,1,0,0) = sE—c+5<

sgp—c+0fp(1,1)
1-4

+wu(1,1,0, 1)>

SI _ SE' + f[ (17 1) _ 5 (SE—SI-FfEi(_l;Sl)—fI(Ll) + SI—C;r_fg(l,l) o SE—C-‘,l-if(SE(l,l))

1—-9

vI(1,1,0,00 =

s —sp+ fr(1,1) = 46fe (1,1)
1-96

Thus, V! (1,1,0,0) is decreasing in sg—s7 in this region. And when sg—s; = f7 (1,1)—fg (0, 1),

we have
fE (0’ 1) - 6fE' (17 1)
1-946 ’

which is positive iff fg (0,1) > §fg (1,1). In this case, we have

v71(1,1,0,0) =

Al(1,1,0,0) = f7 (1,1) = 6fp (1,1).

Note that as the importance of across-user learning for E goes to zero (i.e. fg(1,1) converges to
f£(0,1)), VI(1,1,0,0) converges to SI_SE+fI(11’15)_6fE(O’1), consistent with the result in the pure

within-user learning case.
Otherwise, if fg(0,1) < dfg(1,1), then v (1,1,0,0) < 0 for all sgp — sy > fr(1,1) — fr (0,1),

so it must be that

fr(1,1) — fe(1,1) < AT(1,1,0,0) < f7 (1,1) — f (0,1).

Suppose then
fr(L1) = fe(1,1) <sp—sr < fr(L,1) = fp(0,1).

Note that now
fr(L1) = fe(L,1) < fr(1,1) =6fr(1,1) < fr(1,1) — f (0,1).

And we have ) - ~
min {s; + fr (1,1) — p1,sg + fe (0,1) — pg}

u(1,1,0,1) = o
u<1,1,0,0>=SEc+5<SE—81+ffi<_1,61>—f1<1,1> M(le))
V7 (1,1,0,0) = SI—SE+fI(1,1)—5(8E—SI+fE(1,11)—(;f](l,l)—l-(l—5)U(1,17071)—(5E_c)).
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Thus, when sp — sy = fr(1,1) = dfg (1,1), we have

0fe(1,1) —min{s; + fr (1,1) — pr,sg + fe (0,1) = pr} + sg — ¢
1-96 '

VvE(1,1,0,0) =46

Given we are in the region sp — sy < fr(1,1) — fg(0,1), we know that E cannot win the lone
consumer that is in state (1,1,0,1) as everyone else is in state (1,1,0,0) and goes with I. As a
result, given E has already maximized its within-user learning on the consumer that is in state

(1,1,0,1), it will never subsidize this consumer, so pg = ¢ and

65fE(171)_(8E+fE(0a1)_C)+5E_C
1-6
5fE(171)_fE(071)
13 > 0.

vi(1,1,0,0) >

= 0

Thus, we have shown V! (1,1,0,0) > 0 when sg — sy = f7 (1,1) =6 fg (1,1). Given V' (1,1,0,0) is

decreasing in sg — sy, it must be that
AT(1,1,0,0) > fr (1,1) = 6fp (1,1).

Now let us determine the conditions for choosing E to be an equilibrium in state (1,1,0,0)

under favorable beliefs for I. Consumers choose E in the current period iff
sg—peg+0ou(1,1,0,1) > sy + fr(1,1) — pr + 0u(1,1,0,0).

Note that at the end we will need to verify that the equilibrium prices are such that
sp—pe+ou(l,1,1,1) > s+ fr(1,1) —p;r + ou(1,1,1,0),

i.e. no consumer wants to unilaterally deviate.
Again, E is willing to price down to ¢ — ¢ (V¥ (1,1,1,1) — V¥ (1,1,0,0)), whereas I is willing
to price down to ¢ — 6 (V1 (1,1,0,0) — VI (1,1,1,1)). So E wins iff

sp—c+0(VF(1,1,1,1) = VF(1,1,0,0) + u(1,1,0,1))
> sp—c+ fr(1,1)+6 (V' (1,1,0,0) - VI (1,1,1,1) + u(1,1,0,0)) .

Assuming E wins, we have

vI(1,1,0,00 = ovI(1,1,1,1)=0
)

VE(]-a]-vOaO) = SE_S]_fI(]-?l +5(VE(1’17171)+u(1’17071)_u(1717070))
— 1,1
u(1,1,0,0) = I Cl+_fg(’ )
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and prices are

br = ¢

PE = C+$E_Sl_ff(lal)+5(u(1717071) _u(1717070))'

Suppose a consumer is in state (1, 1,0, 1), so all other consumers are in state (1,1,0,0). Again,
assume the prices charged to the consumer in state (1,1,0,1) are p; and pr. And like above,
we assume neither firm would subsidize the focal consumer when that does not help it win that
consumer, which means both p; and pg are greater or equal to c.

The consumer in state (1,1,0, 1) chooses firm I iff (recall firm E wins all other consumers, who
are in state (1,1,0,0))

SI+fI(]-7]-) _ﬁ1+6u(1)17171) 2 sE+fE'(Oa]-) _ﬁE+5u(1)1)171)
So we have
u(l,l,O,l) = min{s[ —l—f[ (1,1) —5[,8E + fE (0,1) _5E} + du (1,1,1,1) .

Given V1 (1,1,1,1) = 0, we already know that we must be in the region sg—s; > f (1,1)— fg (1, 1),

SO

sg—si+ fe(1,1) = fr(1,1)
1-9
sr—c+ fr(1,1)
1-96 '

vE@1,1,1,1) =

w(1,1,1,1) =

This implies

—c+ fr(1,1)
1-96

w(1,1,0,1) = min {s; + fr (1,1) — o1, 5 + f5 (0,1) — pp} + 5L

_Sl+fE(1a1)_fI(171)
1-9

+u(1,1,0,1) —

- 1,1
VE (17 17070) = SE_SI_f] (1, 1)+5 <8E S1 cl—i__fg( ’ )) )

Suppose sg — sy > fr (1,1) — fg (0,1). Then, by the same logic as above, E wins the deviating

consumer no matter what, so I has no incentive to subsidize that consumer. This means we have

pr = ¢, SO
sp—sr+0fp(1,1)— fr(1,1)
1-96

VE(1,1,0,0) =

So V¥ (1,1,0,0) is increasing in sg — s; when sgp — s; > f7 (1,1) — f£ (0,1). And when sp — sy =
fr(1,1) — fg(0,1), we have

E _ 5fE (171) - fE (Oal)
VE(1,1,0,0) = - :
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Thus, if f£ (0,1) > dfr (1,1), then we know for sure that
AP(1,1,0,0) = f1 (1,1) = 6fp (1,1) = f1 (1,1) = £ (0,1).
Now suppose fg(0,1) < dfg (1,1), which means we must have
fr(1,1) = fp(1,1) < AT(1,1,0,0) < fr (1,1) = fp (0,1).

Note that in this case we also have

fr(LY) = fe(1L,1) < f1(1,1) =dfp(1,1) < fr (1,1) = fe(0,1).

So assume
f[(l,l)—fE(l,l)<8E—S[<f](1,1)—fE(0,1).
We have
~ - — 1,1
w(1,1,0,1) = min{s; + f; (1,1) = pr, 55 + £z (0,1) — P} + 0-1 Cl+_fg( )
< 51+f1(1,1)—c+531_cl+_fé(1’1)
N S]—C—i-f](l,l)
N 1—-96 '
So

sp—sr+ fe(1,1) — fr(1,1)
1-6

+u(1,1,0,1) — sf_c+ff(1’1))

VE(1,1,0,0) = SE_SI_fI(171)+5< 1—9o
sp— 81+ 0fE (171)_f1 (171)

- 1-946

Thus, when sg — sy = fr(1,1) = dfg (1,1), we have
V¥ (1,1,0,0) <0,

so we must have
AF(1,1,0,0) > f (1,1) — 6 g (1,1).

Finally, we need to make sure that no consumer wants to unilaterally deviate from the proposed

equilibrium, i.e. we want to show

sp—pe+ou(l,1,1,1) > s+ fr(1,1) —py + ou(1,1,1,0)
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at equilibrium prices. But at these prices we must have
sp—pe+06u(1,1,0,1) = s+ fr(1,1) — pr + 0u(1,1,0,0),
so we need to verify that
w(1,1,1,1) = (1,1,0,1) > u(1,1,1,0) — u(1,1,0,0).

But by the same logic explained in the case with Pareto beliefs, given E wins when consumers are in
state (1,1,0,0), E must also win when any consumer is in state (1,1,0,1), (1,1,1,0) or (1,1,1,1).
So we have

SI_C+fI(171)
1-94 ’

w(1,1,1,1) = u(1,1,0,1) = u(1,1,1,0) = u(1,1,0,0) =

which means the inequality holds.

I Additional details for the proof of Proposition 1

Recall that the induction hypothesis is that the result in Proposition 1 and (9)-(10) holds for
the states (N; + 1, Ng) and (N7, Ng + 1), i.e. that

2=sp 4 SOHLNE) SNtV i sp—s1 < ANr+1,Ng + 1)
VI(Ni+1, Ng) = SI—SE+(1A_<§V);+LNE> if A(N;+1,Ng+1)<sg—s; <A(N;+1,Ng)
0 if sp—s8;r > A(N;r+1,Ng)
0 if sp—s; < A(N;, Ng+1)
VE(N;, Ng+1) = 2p=si - AL Nt if A(N,Ng+1)<sg—s <AN;+1,Ng+1)
sp=st A(N[,NE+1)(I§?)(2N]+1,NE+1) if sp—sr>AN;+1,Np +1)

Also recall from the proof in the main appendix that V!(N;, Ng) and VF(N;, Ng) can be
written (after substituting in the expression for 2 (N7, Ng))

st —sg+ fI(Nr) — fe(Ng)
VI(N;, Ng) = 6VI(N;, Ng + 1) 4+ max s VI(N; +1,Ng) + VE(N; +1, Ng) 0
~VI(N;,Ng+1) = VE(N;,Np+1) )’

sg — st + fe(Ng) — f1(Nr)

VE(N;, Np) = 6VE(N; 4+ 1, Ng) 4+ max s VE(N;,Ng+1)+ VI(N;, Ng + 1) 0
~VE(N;+1,Ng) = VI(N;+1,Ng) )’
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There are two possibilities. If

-_ s; —sg+ f1(Nr) — fe(NE) <0
+(5(VI(N1 + 1,NE) —|—VE(N1 + 1,NE) — VI(NI,NE + 1) — VE(NI,NE + 1)),0 ’

then VE (N7, Ng) = 6VF(N; + 1, Ng) = 0, because we must have V¥ (N7, Ng) > VE(N; +1, Ng).

In this case, we have
VI(N;,Ng) = s; — sg + fi(N7) — fe(Ng) + 6(VI(N; 4+ 1, Ng) — VE(N;, Ng +1)).
On the other hand, if

. s; —se + fi(N1) — fe(NE) —0
+0(VI(N; +1,Ng) + VE(N; +1,Ng) — VI(N;, Ng +1) — VE(N;, Ng +1)),0 ’

then V! (N7, Ng) = 6VI(N;, Ng + 1) = 0, because we must have VI(N;, Ng) > VI(N;, Ng + 1).

In this case, we have
VE(N[,Ng) = sg — s1 + fe(Ng) — fi(N1) + 6(V¥(Ny, Ng + 1) — VI(N; + 1, Ng)).
Focusing on the first possibility and using the above expressions, we have

s1— sg + fr(N1) — fe(Ng) + 6(VI(N; + 1,Ng) — VF (N, Ng + 1))

st —sg + f1(N1) — fe(Ng) )
+5(SI—SE + A(N1+1,NE)76A(NI+1,NE+1)) if SE — 81 < A(NI, Ng + 1)
-5 (1-0)2
S[—SE+f](N[)—fE(NE) " A(N],NE—i-l)SSE—S]
o(s=sE 4 A<N1+1,NE>(I§§)<§I+I,NE+1>) _ 5(SE—SI—(1A_<QV)9NE+”) < A(N;+1,Ng +1)
s; —sg+ f1(N1) — fe(NE) i A(N;+1,Ng +1) <sp —sg
+6(SI_SE—21A7(§;IQ+17NE)) _ 5(5?:59[ _ A(NI,NE+1)(Ii?)(2NI+1,NE+1)) S A(N] + 1,NE)
st —sg + f1(N1) — fe(Ng) )
s(smsr _ ANLNgH)-SANHLNE 1) if  sp—sr2A(Nr+1,Np)
1-5 (1-0)2

Straightforward calculations reveal that the expression in the first line is equal to

S — SE I A(N[,NE)—(SA(N[,NE—I-D
-9 1—0) ’
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whereas the expressions in the second and third lines are identical and equal to

ST —SE—f—A(N],NE)
(1-29) '

Given sy —sg + f1(N7) — fe(Ng) +8(VI(N;+1, Ng) — VE(N;, Ng +1)) is continuous in (s; — sg)
and A(Ny, Ng) < A(N;+ 1, Ng), we can conclude that (9) holds. By symmetry in I and E, the
same is true for the expression of (10). Thus, the induction hypothesis holds for (N7, Ng).
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